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EXAMPLE 5  Finding Absolute Extrema

Find the absolute maximum and minimum values of

flx,y) =2+ 2x + 2y — x? — »?

on the triangular region in the first quadrant bounded by the lines x = 0,y = 0,
p=19 = 3.

o ¥ =0 A(9, 0) Solution Since f is differentiable, the only places where f can assume these values are
points inside the triangle (Figure 14.44) where f, = f, = 0 and points on the boundary.
FIGURE 14.44 This triangular region is

the domain of the function in Example 5. {8) Rntesigrngints. Hurthesewelaye

E=2—2%=0, §£H=2-=%=0

yielding the single point (x, y) = (1. 1). The value of f there is
£(1,1) = 4.
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(b} Boundary points. We take the triangle one side at a time:
(i} On the segment 04, v = 0. The function
fx.») = f(x,0)=2 + 2x — x?

may now be regarded as a function of x defined on the closed interval ) = x = 9. Its
extreme values (we know from Chapter 4) may occur at the endpoints

x=10 where f0,0) =2

x=9 where f(9.0) =2+ 18 — 81 = -6l
and at the interior points where f'(x, 0) = 2 — 2x = 0. The only interior point where
fix,0) = 0isx = 1, where

flx,0) = £(1,0) = 3
(ii) On the segment OB, x = 0 and
flry) = f(0,y) =2 + 2y — y*

We know from the symmetry of f in x and y and from the analysis we just carried out

that the candidates on this segment are

£(0.0) = 2, £(0,9) = —61, F(0,1) = 3.
(i1} We have already accounted for the values of f at the endpoints of 4B, so we need only
look at the interior points of AB. With v = 9 — x, we have

N =24+ T30 -5 —z* 0 =6+ 1% 5

Setting f'(x, 9 — x) = 18 — 4x = 0 gives
__18_9
5 3 =7
At this value of x,

9 9 99 41
y=9—§=§ and f{x,y]=f(5,§) =

Summary We list all the candidates: 4, 2, —61. 3, —(41/2). The maximum is 4, which f
assumes at (1, 1). The minimum 1s—61, which f assumes at (0, 9) and (9. 0). [ ]

Solving extreme value problems with algebraic constraints on the variables usually re-
quires the method of Lagrange multipliers in the next section. But sometimes we can solve
such problems directly, as in the next example.



